Abstract In this paper, we prove the Hölder continuity for solutions to the complex Monge-Ampère equations on non-smooth pseudoconvex domains of plurisubharmonic type m.
Introduction
Let Ω be an open set in C
n . An upper semi-continuous function u : Ω → [−∞, +∞) is called plurisubharmonic on Ω if for every complex line l of C n , u| l∩Ω is a subharmonic function in l∩Ω. The set of plurisubharmonic functions on Ω is denoted by P SH(Ω). According to the fundamental work of Bedford and Taylor [5] (also see [4] ), the complex Monge-Ampère operator (dd c .)
n is well-defined over the class of locally bounded plurisubharmonic functions. Cegrell [11] introduced a classes of unbounded plurisubharmonic functions on bounded hyperconvex domain on which the complex Monge-Ampère can be defined.
The Dirichlet problem for the complex Monge-Ampère equation is one of the important and central problems of pluripotential theory. Assume that φ ∈ C(∂Ω), 0 ≤ f ∈ L p (Ω) with p > 1. The Dirichlet problem is the problem of finding a function u satisfying:
M A(Ω, φ, f ) :
(dd c u) n = f dV, lim z→ξ u(z) = φ(ξ), ∀ξ ∈ ∂Ω.
When Ω is a smooth, bounded strictly pseudoconvex domain in C n , there are some known results for the existence and regularity for this problem due to [4] , [5] and [9] . Bedford and Taylor [4] proved that if φ ∈ C 2α (∂Ω) with 0 < α ≤ 1 and f 1 n ∈ C α (Ω) then M A(Ω, φ, f ) has a unique plurisubharmonic solution u ∈ C α (Ω). Next, Bedford and Tayloy [5] showed that if f ∈ C(Ω) then there exists a continuous solution u on Ω. Later, Caffarelli, Kohn, Nirenberg and Spruck [9] studied the global regularity. They proved that if f ∈ C ∞ (Ω) is strictly positive and φ ∈ C ∞ (∂Ω) then M A(Ω, φ, f ) has a unique plurisubharmonic solution u ∈ C ∞ (Ω). When Ω is a non-smooth pseudoconvex domain, the problem becomes much more complicated. B locki [7] gave a charaterization for the existence of a continuous and plurisubharmonic solution on hyperconvex domains in C n . Ko lodziej [25] proved that there exists a unique continuous solution to M A(Ω, φ, f ) on strictly pseudoconvex domains. Li [30] studied the problem on a bounded pseudoconvex domain in C n with C 2 boundary. He proved that if Ω is bounded pseudoconvex domain of plurisubharmonic type m with C 2 boundary, φ ∈ C mα (∂Ω) with 0 < α ≤ 2 m and f
. Guedj, Ko lodziej and Zeriahi [17] studied the problem in bounded strongly pseudoconvex domains. They showed that if φ ∈ C 1,1 (∂Ω) then the unique solution u to M A(Ω, φ, f ) is α-Hölder continuous on Ω, for any
Cuong [15] generalized the theorem of [17] to complex Hessian equation. Charabati [13] proved the Hölder regularity for solutions to M A(Ω, φ, f ) in bounded strongly hyperconvex Lipschitz domain. Recently, Baracco, Khanh, Pinton and Zampieri [2] generalized the theorem of [17] to C 2 smooth bounded pseudoconvex domain of plurisubharmonic type m under the assumption that the boundary data φ ∈ C α (∂Ω) with 0 < α ≤ 2. Note that the technique of [2] is not valid when Ω is not C 2 smooth. Main purpose of this paper is to generalize the theorem of [2] from C 2 smooth bounded pseudoconvex domain of plurisubharmonic type m to nonsmooth pseudoconvex domains of plurisubharmonic type m. First we give the following definition which is an extension of Li [30] (also see [2] ). Definition 1 Let m > 0 and let Ω be a pseudoconvex domain in C n . We say that Ω is of plurisubharmonic type m if there exists a bounded negative function ρ ∈ C 2 m (Ω) such that {ρ < −ε} ⋐ Ω, ∀ε > 0 and ρ(z) − |z| 2 is plurisubharmonic in Ω.
Note that every smooth bounded strictly pseudoconvex domain in C n is of plurisubharmonic type 1. Our main result is the following theorem. Theorem 1 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let φ ∈ C α (∂Ω) with 0 < α ≤ 2 and let 0 ≤ f ∈ L p (Ω) with p > 1. Assume that either Ω is bounded or the support of f is compact on Ω. Then, there exists a bounded, γ-Hölder continuous solution u(Ω, φ, f ) to M A(Ω, φ, f ) for all
. The paper is organized as follows. In section 2 prove that there exists a bounded solution to M A(Ω, φ, f ). Section 3 is devoted to prove Theorem 1.
The existence
Some elements of pluripotential theory that will be used throughout the paper can be found in [1] - [32] . A bounded domain Ω ⊂ C n is called hyperconvex if there exists a bounded plurisubharmonic function ρ such that {z ∈ Ω : ρ(z) < c} ⋐ Ω, for every c ∈ (−∞, 0).
First, we have the following.
Proposition 1 Let S be a subset of C n and let ϕ : S → R. Assume that α > 0. Then, the following statements are equivalent.
(a) ϕ is α-Hölder continuous on S, i.e.
The set of all α-Hölder continuous functions on S is denoted by C α (S).
We now assume that |ξ − ζ| ≥ δ 0 . We have
The proof is complete.
We need the following.
Lemma 1 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let ρ be as in Definition 1 and let φ ∈ C α (∂Ω) with 0 < α ≤ 2. Define
where
Proof We use the technique of Li [30] (also see [2] ). By the hypotheses it implies that h ξ ∈ P SH(Ω), ∀ξ ∈ ∂Ω. Fix ζ, ξ ∈ ∂Ω and z ∈ Ω. Since ρ ≤ 0 in Ω, φ ∈ C α (∂Ω) and 0 < α ≤ 2, by the definitions of h ζ and h ξ ,
Hence,
This implies that lim
We claim that u is maximal plurisubharmonic in Ω. Indeed, let G ⋐ Ω be an open set and let v ∈ P SH(Ω)
. By (1) and using the maximum principle,
for every ξ ∈ ∂Ω. By the definition of u this implies that v ≤ u in Ω. Thus, u is a maximal plurisubharmonic function in Ω. This proves the claim, and therefore, u is a bounded solution to M A(Ω, φ, 0).
It remains to prove that
Put
Let z ∈ ∂Ω δ and w ∈ B(z, δ). Choose ξ ∈ ∂Ω such that |z − ξ| < 2δ. From (1) we have
For simplicity we use the notation to denote that the inequality is up to a positive constant independent of z, w, ξ, δ. Since ρ ∈ C 2 m (Ω) and ρ(ξ) = 0, so
, where B is a positive constant independent of w, z, δ. Therefore,
Now, put
Since ϕ δ ≤ M in Ω and u = ϕ δ = φ on ∂Ω, by (1) it implies that
Hence, by the maximum principle,
Combining this with (3) we arrive at
Therefore, by the definition of u we infer that
Thus,
Next, we will prove that there exists a bounded solution to M A(Ω, φ, f ) in pseudoconvex domains of plurisubharmonic type m. Lemma 2 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let ρ be as in Definition 1 and let φ ∈ C α (∂Ω) with 0 < α ≤ 2. Let u(Ω,
Proof Put u 0 := u(Ω, φ, 0). First, we claim that there exist A > 0 and ψ
Indeed, let δ be a positive real number and let D be a smoothly bounded strongly pseudoconvex domain such that
By Theorem 3 in [25] there is a continuous solution
It is easy to see that
This proves the claim. Now, let {Ω j } be an increasing sequence of smoothly bounded strongly pseudoconvex domains such that suppf ⋐ Ω j ⋐ Ω j+1 ⋐ Ω, ∀j ≥ 1 and Ω = ∞ j=1 Ω j . By Theorem 3 in [25] there exist continuous solutions
by the comparison principle we have
It follows that
Again by the comparison principle,
Put u := lim j→∞ u j . Since
Thus, u is a bounded solution to M A(Ω, φ, f ). The proof is complete.
From Theorem 3 in [25] and Lemma 2 we give Proposition 2 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let φ ∈ C α (∂Ω) with 0 < α ≤ 2 and let 0 ≤ f ∈ L p (Ω) with p > 1. Assume that either Ω is bounded or the support of f is compact on Ω. Then, there exists a bounded solution to M A(Ω, φ, f ).
Note that the uniqueness of solutions in bounded domains implies from Theorem 3.9 in [12] . On unbounded domains, the uniqueness of solutions is still open.
Hölder continuity
First, we prove the following lemma.
Lemma 3 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let p > 1 and let 0 ≤ f ∈ L p (Ω) with compact support on Ω. Proof The proof is almost the same as the one given by [17] . For convenience to readers, we sketch the proof of the lemma. Let ρ be as in Definition 1. Fix v ∈ P SH(Ω) such that , where q = p p−1 and β := dd c |z| 2 . Without loss of generality we can assume that 0 < ε < +∞. The proof is split into two steps.
Step 1. We prove that there exists a constant B τ > 0 such that
for every Borel subset E ⊂ suppf , where
Indeed, let δ > 0 and let D be a bounded hyperconvex domain such that
Assume that ϕ ∈ P SH(D) with −1 ≤ ϕ ≤ 0 and define
Then, ψ ∈ P SH(Ω) and −δ ≤ ψ ≤ δ in Ω. Let E ⊂ suppf be a Borel set. Since
by Theorem 4.1 in [29] we arrive at
This implies that
Cap(E, D) ≤ 2 n Cap(E, Ω).
Since q(1 + nτ ) > 1, by Proposition 1.4 in [17] there exists a constant C τ > 0 independent of E such that
Therefore,
where B τ = 2 n C τ is a positive constant independent of E. First, we claim that
Indeed, fix s, t > 0. Let Ω ′ be a smoothly bounded strongly pseudoconvex domain such that {u − v < −ε} ⋐ Ω ′ ⋐ Ω. Since lim inf
by Lemma 1.3 in [17] we arrive at
By
Step 1 and using the Hölder inequality,
This proves the claim, and therefore, by Lemma 1.5 in [17] we get g(s) = 0 for all s ≥ s ∞ , where
It follows that
Therefore, by Lemma 1.3 in [17] and using the Hölder inequality, we get
Lemma 4 Let m > 0 and let Ω be a pseudoconvex domain of plurisubharmonic type m. Let ρ be as in Definition 1 and let φ ∈ C α (∂Ω) with 0 < α ≤ 2. Let u(Ω, φ, 0) be as in Lemma 1. Then, for every p > 1 and for every 0 ≤ f ∈ L p (Ω) with compact support on Ω, there exist a constant A > 0 and a bounded solution u(Ω, φ, f ) to M A(Ω, φ, f ) such that
Proof The existence imply from Lemma 2. It remains to prove that u(Ω, φ, f ) ∈ C γ (Ω) for all
Put v := Aρ, w := u(Ω, φ, 0) and u := u(Ω, φ, f ). It is easy to see that v ∈ C 2 m (Ω). By Lemma 1 and Lemma 2 we have w ∈ C min( α m ,α) (Ω) and
Fix 0 < γ < min
and let ϕ ∈ P SH(Ω). We define
where σ 2n is the volume of the unit ball in C n . For simplicity we use the notation to denote that the inequality is up to a positive constant independent of z, ξ, δ. Since 2γ < min(
for every z ∈ Ω δ and for every ξ ∈ B(z, δ). Therefore,
By the the hypotheses, we get
Since v = 0 on ∂Ω and v ∈ C 2γ (Ω), so |v| δ 2γ on ∂Ω δ .
Combining this with (5) we arrive at
It implies that there is a positive constant A independent of δ such that
Since u ∈ P SH(Ω) and suppf + B(0,
From Jensen's formula and using polar coordinates, for every z ∈ Ω √ δ ,
Hence, by (7) and using Fubini's theorem we infer at
Now, we set
, by Lemma 3 and using (8) we have
Lemma 4.3 in [18] implies that
Hence, by (9) we arrive at
Now, since v = 0 on ∂Ω and v ∈ C 2γ (Ω) so by (4) we get
Moreover, since w ∈ C 2γ (Ω), this follows that
Combining this with (10) and using Proposition 1, we infer at u ∈ C γ (Ω). The proof is complete. Now, we give the proof of Theorem 1.
Proof When the support of f is compact on Ω, the statement follows from Lemma 4. We now assume that Ω is bounded. By Theorem 3 in [25] and Theorem 3.9 in [12] , there exists a unique solution u to M A(Ω, φ, f ). It remains to prove that u ∈ C γ (Ω) for all
. Fix γ ∈ (0, γ m,α,p ). Let D be a bounded strictly pseudoconvex domain such that Ω ⋐ D. Since D is pseudoconvex domain of plurisubharmonic type 2, by Lemma 4 there exists a γ
Applying Lemma 1, there exists a min(
Again by Lemma 1, there exists a min( for every z ∈ Ω δ and for every ξ ∈ B(z, δ). Therefore,
By Fubini's theorem, using (13) and (14) we infer at Since v + w ≤ u ≤ v on Ω, v = 0 on ∂Ω, v ∈ C 2γ (Ω) and 0 ≤ 2γ, δ ≤ 1 so {v < −2Aδ γ } ⊂ {2v + w + 2Aδ γ < u} ⊂ {v < −Aδ γ } ⊂ Ω √ δ ⋐ Ω.
Therefore, by the comparison principle,
where h = v + w ∈ P SH(Ω) ∩ C 2γ (Ω). Since Ω is bounded, so Ω dV < +∞.
Again, applying Jensen's formula and Fubini's theorem, we obtain 
